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Chapter 2

Introduction to Conduction



Conduction

Observation — Concept/Simplification — Theory (equations)

T(x)

qx dTy
144 - -t — _k x _r
1 A, 7 dx

General Form of Conduction Rate Equation:

“Fourier’s Law”

(6T9+6T9+ aTI_E)
ax ' Tay! T oz
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q =

— L —»

where, k =k, =k, =k,



Thermal Conductivity (k) - Material Property
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Thermal Conductivity (k) - Solid vs. Fluid
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Thermal Conductivity (k) - Fluid (Gas vs. Liquid)

0.3 0.8

Hydrogen

M =2.016,d=0.274

Helium 4.003, 0.219
€02 2
E £
= £
> P
z z
g g
2 2
S 8
® =
; Water %
£0.1 (steam, 1 atm) (=

18.02, 0.458
Carbon dioxide -
i 44,01, 0.464 En(gllne
28.97,0.372 \on 12
0 9
0 200 400 600 800 1000 00 300 400 500

Temperature (K) Temperature (K)



Heat Diffusion Equation



Heat Diffusion Equation - Cartesian Coordinate

Conservation of Energy

(Energy Balance) Ein + Eg — Eout=Est
g+ 2= g+ 2 (kL aydz) d
T A - Qx+dx = 9x Ox X = (qx ax( Ox y Z) X
e
i oq, 9/ T
4, — i. i : : EJ — Qy+dy = qy + a_y dy =(qy + @<—k@dxdz> dy
z i )I_(.f ______ L___'
L : A . /|
, A aq 9 oT
A Qrear = Gz + 52z = g, + 5(—kgdxdy) dz

B —E —[a<kaT>+a(kaT>+a(kaT)]ddd
in = Sout = |5\ ax) T ay\“ay) T 92\ a7/
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Heat Diffusion Equation - Cartesian Coordinate

Energy Balance Ein + E'g — Eoutz Eg

.’)’r'_—'fl}‘; /E _________ ’ ’W Eg = quxdde
IO \‘.____ﬁ>(_’__; _____ |
~—Z S I ' i :d:
O L T
q, 1 1 o H ! -
i : ‘l.\X : EJ 9esix . aT
z | »/ —————— w E; = pc,— Xdxdydz
”‘ :/,’/ A : A p at
t £ (RRSEESEEH SRRERS -I/I‘[\"
L—mq.

oT
= pcp FT: Xdxdydz
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Heat Diffusion Equation - Cartesian Coordinate

Energy Balance Ein + E'g — Eoutz Est

i [ ( 6T) a(kaT)+a(kaT>]ddd
in out ax ay E a_ aZ X y A

E"g = gXdxdydz

. aT aT
Eq = pc, T xXdxdydz = pc, ¥ Xdxdydz

a(kaT)+a(kaT)+a<kaT>+ B oT
ax \“ax) Tay\*ay) T 92\"32) T 9= P 3¢ | tquation 219

11




Heat Diffusion Equation - Cartesian Coordinate

Energy Balance Ein + Eg — Eoutz Est

a(kaT)_I_a(kaT)_l_a(kaT)_l___ oT
ax\"“ax) T ay\“ay) T9z\"0z) T 1T PPt | Equation 219

0°T 0°T 9°T ¢ 10T

if k = constant, + + —
0x?  0y? 0z?

tXT 23t Equation221

where, @ = oC. [m?/s]: thermal diffusivity
p
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Heat Diffusion Equation - Cylindrical /Spherical

Cylindrical Coordinate

9o = do
rsin@ d¢
i a oM T oA
i~ - _ - //

|
Sz Ny ! i
N %M,T\,&— IS

. z v
T 6 A\(Ir \\ /’f /’ r+dr
i 1(r, $,6) \ My
i =]
3 y
¢’\‘ Go

X

Spherical Coordinate

Equation 2.26

Equation 2.29
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Heat Ditfusion Equation -Boundary Dependence

TABLE 2.2 Boundary conditions for the heat diffusion equation at the surface (x = 0)

1. Constant surface temperature T,
T(0,t) = T; (2.31) o, 1
—sx
2. Constant surface heat flux N
(a) Finite heat flux 7, —>| N
N T, 1)
9T o (232)
aw =0 qs >
(b) Adiabatic or insulated surface, — —— fo———
Nx,
g _0=O (2.33) I\ 1)
oz | —>x

N\
- -

3. Convection surface condition nOL N

234) T.h

oT
—k—l:=0=h [Too - T(O’t)] O T
oz T T T i Tx, 1)
q;(0) = ~k o |0 = q
T




Chapter 3

One-Dimensional Steady-State Conduction



Heat Diffusion Equation - Cartesian Coordinate

Energy Balance Ein + Eg — Eoutz Est

a(kaT)_I_a(kaT)_l_a(kaT)_l___ oT
ax\"“ax) T ay\“ay) T9z\"0z) T 1T PPt | Equation 219

0°T 0°T 9°T ¢ 10T

if k=constant, + + —
0x?  0y? 0z?

WRrT Equation 2.21
where, @ = —— [m?/s]: thermal diffusivity

pPCyp
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Conduction with No Heat Generation, 1D & Steady
Q > Is the temperature profile linear? (1) Heat Diffusion Equation

K d (kaT)+ 0 (kaT)+ d <k6T>+ . aT
t ax\"ox) Tay\“ay) T9z\"9z) TIT PP

T (2) 1D, steady state, & no heat generation

T(x)
7 (k5) =0

T,
(3) integrating twice & k = constant
> X
— L —»
T(x) = cix+ ¢y (General Solution)
(5) therefore, (4) two boundary conditions are
=T
T, —T T(0) =T ;=T
T(x) = = I Ly + T, ' (Exact Solution) ! _—_—
T(L) =T, 01=2L !

Ans > Hence, the temperature
distribution is linear function of x.



The Thermal Resistance Concept

dr (T, —T
L= T)

Conduction, q" = —k X e X, — %,
(T, —T,) AT

= kA = —

1 L R,

Convection, q" =hXAT = h(Ts; — Ts,)

AT
q =hA(T; — To) = —
Ry

Overall heat transfer coefficient, U

(T —T3)
k L
) R, = L
T kA
) R, = 1
‘7 hA

1
I:> Rtot:th:ﬁ
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Thermal Resistance

R | e (= XA=g
tot
Hot fluid
T.1 Iy
L. AR
Cold fluid
i T, h,
Tm,l T\ 1 T\Z To-o,2 R 1 + L + 1
—— "M\ ANN—oAN— = =
i L i T h A kA hA

FIGURE 3.1 Heat transfer through a plane wall. (a) Temperature
distribution. (b) Equivalent thermal circuit.
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Thermal Resistance - Multiple Layers of Walls (1)

T.\'.l \ i

x T T <—LA—><—L8—»Q—LC—>
Hot fluid ka kg ke Tea
T.1
A B c T T T
. :
Cold fluid
1 LA LB LC 1 Too,d' hd
WA RA GA kA RA Tt = Twa
)
—5—> ONWOAM~OAM~O-AM~O-ANA~O = q=
¥ Taa T, T, T3 T4 T.4 Z R t

FIGURE 3.2 Equivalent thermal circuit for a series composite wall.
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Thermal Resistance - Multiple Layers of Walls (2)

O A B AN U I A A I U A I A, A
L Le=Lg Ly

ke F —
Tl T2
ke kg Ky

Le Le Ly
ke(Ar2) ke(A72) k(A72)

)

FIGURE 3.3 Equivalent thermal circuits for a series—parallel composite
wall.
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Contact Resistance - Practical Issues (1)

_ T, -1 (3-20)

FIGURE 3.4 Temperature drop due to thermal contact resistance.
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Contact Resistance - Practical Issues (2)

TABLE 3.1 Thermal contact resistance for (a) metallic interfaces
under vacuum conditions and (b) aluminum interface (10-um

surface roughness, 105 N/m?) with different interfacial fluids
[1]
Thermal Resistance, R,”. X 10*(m? . K/W)

(a) Vacuum (b) Interfacial

Interface Fluid

Contact pressure 100 10,000 Air 2.75
kN/m?  kN/m?

Stainless steel 6—25 0.7—4.0 Helium 1.05

Copper 1-10 0.1-0.5 Hydrogen 0.720

Magnesium 1.5-3.5 0.2—-0.4 Silicone oil | 0.525

Aluminum 1.5-5.0 0.2—-0.4 Glycerine 0.265



Porous Material - Useful Applications

24



Porous Material - Thermal Conductivity

I'—(l — &)[—>

— —AAMV— —> e AM—AM— —0

¢ , T Ny g o 4
P KA kA

@ ®) ©

FIGURE 3.5 A porous medium. (a) The medium and its properties. (b)
Series thermal resistance representation. (c) Parallel resistance

representation.
k ffA. .21
4 = —1—(Ty - ) (3.21
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Conduction with Area Change

Insulation

Adiabatic—;,
surface :>»

x d
g = - [ kDAL

Xo
Ty, Alx)
. X X
.V\I/'.\'— dx
yx f ——=—| k(T)dT
o A x) X
FIGURE 3.6 System with a constant conduction heat transfer rate.
Example 3.5
T, = 600 K
5, T, = 400 K T,
=
o < (T, - T,) (1/x) = (1/x1)
x,=0.05m ' 4! L2221 /x) — (1/xy)
x;=0.25m - - I
Pyroceram X - x o
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Conduction - Cylindrical Coordinate

Hot fluid
Ty Iy

Cold fluid / T I g TS
= ' /‘\T () = ln(rl/rl)21 <T> sz

Equation 3.31

Boundary Conditions

T(rl) = Ts,l & T(rl) = Ts,Z

oo, 5, T‘.2 TM.2
4> NNANNWN—AN—
In(ryfry) 1
h2mrlL 2 kL hy2 wr,L

FicurE 3.7 Hollow cylinder with convective surface conditions.

10 aT 10 oT d ( 0T aT
(k ) + ——(k —) (k ) +q = PCp =T T Equation 2.26

T or ar) r2d¢p\ d¢ 0z
li (kT‘ ﬂ) = Equation 3.28
ror ar

General Solution T(r)=C;Inr+C, Equation 3.30
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Cylindrical Coordinate - Temperature Distribution

Tsa
1., hy
y "1/ AENINB 1 C
1 I I I
1 I I I
1 I I I
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- | [
! ) I I I
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| } | |
l I I I I
; I I I
| I I | |
( I I I I
o
: i I I I | Tt
1 [ I | I |
. 4 | 1 1 .
T, Ty T, Ty Ta T.s
q, —>
~ | N
1 In(ry/ry) In(rafry)  In(ry/ra) 1
h2rrL 2n kyL 2n kgl 2 kel hg2mrL
FIGURE 3.8 Temperature distribution for a composite cylindrical wall.
Toot — Toot (3.34) Example 3.6
qr o
1 In (ry/r1) In (rs/re)  In (ra/r3) 1
27T’I‘1Lh1 27TkAL 27I'kBL 27I'kCL 27TT‘4Lh4
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Conduction - Spherical Coordinate

R
q

)

———— -
~

-~

.

! !
\/‘ ~ \II
T, dr s

FIGURE 3.9 Conduction in a spherical shell.

if k = constant

kAL = k(amy L
q, = d_T' = nr d_T'
q m dr TS,2
4—x f —=—| k(T)dT
TJr, r Ts4

B 4tk (T, — Ty 2)
=) - /)

R _ 1 (1 1)
t,cond—4_7_[k 7‘_1 E
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Summary of 1D Conduction Results

TABLE 3.3 One-dimensional, steady-state solutions to the heat equation with no generation

Plane Wall Cylindrical Wall2 Spherical Wall2

: d*T 1d /[ dr 1 d [ ,dT
Heat equation do? =0 dr <Td_r) =0 2 dr (7‘ $> =0
Temperature distribution 757 — ATZ Tso+ ATM Tshp — AT lml
’ L In (ri/rs) 1 —(ry/rs)
" AT kAT kAT
Heat flux (g ) k— _—
1 L rln (ra/ry) r2[(1/r1) — (1/72)]
AT 2nLEAT Ak AT
Heat rate (q) kA— _—
1 L In (ra/r1) (1/r1) — (1/r2)
L In (ry/r1) (1/r1) — (1/r2)

Thermal resistance (Rt, cond) A onLk 4rk



Conduction with Heat Generation

X X
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FIGURE 3.10 Conduction in a plane wall with uniform heat generation. (a)
Asymmetrical boundary conditions. (b) Symmetrical boundary conditions.
(c) Adiabatic surface at midplane.

L2 X%\ Ty —Teqx
T(x)=q—<1——>+—s‘2 STt

2k L? L

Example 3.7

02T q
Fri 0 if k = constant

T(x) = ikx + Cix + C,

Equation 3.45

Boundary Conditions

Tsq +Tsp

T(-L)=Ts; & T(L) =Ts,

5 Equation 3.46



Conduction with Heat Generation - Cylindrical
Coordinate

_ 10 aT
Cold fluid —_ —_— 7 =
, S r6r<kr 6r>+q 0
10, dT\ ¢ .
P (r a_r) + v if k = constant
T(r) = —irz +C/Inr+C
4k ! 2

Equation 3.56

FIGURE 3.11 Conduction in a solid cylinder with uniform heat generation. .
Boundary Conditions

dT

- — T =T
ar_o 0 & T(rp) =Ts

.2 2
aro r :
T(x) = E(l — T'_02> + T Equation 3.58



Extended Surface Approach

Liquid flow

t>q=hA(T, - T,)

(a) (b)

Use of fins to enhance heat transfer from a plane wall. (a) Bare surface. (b) Finned surface. FIGURE 3.14 Schematic of typical finned-tube heat exchangers.

12

/
/
/7
/7
7
Ly
(a) (b)

FIGURE 3.15 Fin configurations. (a) Straight fin of uniform cross section. (b) Straight fin of nonuniform cross section. (c)
Annular fin. (d) Pin fin.
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Extended Surface (fin) Model

) dx

Conduction dT
’— qx = _kAca
dq
Qx+dx = qx + dxx dx
T d ( o 4T
- — T Cdx T dx ¢dx
FIGURE 3.16 Energy balance for an extended surface. Convection
dqcony = hdAg(T — Ty)
= hPdx (T — T,)
d (4 dT) " b —T,) =0
dx\"¢dx) k ©l
02T 1 dA.dT  hP ,
— (T—-Ty,)=0 Equation 3.66

+____
0x? A, dx dx kA, y

Ax = Qx+dx T+ dQconv Energy Balance



Fins with uniform cross sectional area (single fin)

P=2w+ 2t
A.=wt A, = nD?/4

(a) (b)

FIGURE 3.17 Straight fins of uniform cross section. (a) Rectangular fin. (b) Pin fin.

or hP(T Tw) =0 defini 0(x)=T(x)—T, Equation 3.67
EYyv — ) = = — 1l t .
92x k A, ernning X X quation
026 _ s hP
92x mo =0 where, m® = kA, Equation 3.67
General Solution 0(x) = C,e™ + C,e™™ Equation 3.71

= C,exp(mx) + C,exp(—mx) 35



Fins with uniform cross sectional area
(four different cases at x = L)

Fluid, 7
qCOnV
A il
| N m
qp=qy ——> _M‘_‘%-l T : :—> hAIT(L)-T,)
= il
|
9[;
=Y
0
0 L

X

FiGURE 3.18 Conduction and convection in a fin of uniform cross section.

Example 3.9
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Fins with uniform cross sectional area

TABLE 3.4 Temperature distribution and heat rates for fins of uniform cross section

Case

Tip Condition
(x=1L)
A Convection:
hO(L) = -kdB/dx| -1,
B Adiabatic:
d6/dx| ;-1 = 0
C Prescribed temperature:
o(L) = 6y,
D Infinite fin (L — «): 6(L) =0
0=T—-T m?=hP/kA,

0, =06(0) =T, — T

M = \/hPkA,b,

Temperature
Distribution /6y,

cosh m (L — z) + (h/mk) sinh m (L — z)

cosh mL + (h/mk) sinh mL

cosh m (L —z)
cosh mL

(6,./6y) sinh mz + sinh m (L —z)

sinh mL

—mz

Fin Heat
Transfer Rate gy

(3.75) ]\4Sin}:l mL+ (h/mk) cosh mL

cosh mL + (h/mk) sinh mL

(3.80) M tanh mL
(3.82) M (cosh mL —6,/6,)

sinh mL
(3.84) M

(38.72

(3.81)

(3.83)

(3.85)

A table of hyperbolic functions is given in Appendix B.1.

(€8]
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Fin Performance

ar

ar

ar

Effectiveness & =11 8
c,bYb
Op
Resistance Rip=—
s
Efficiency _ v
Ng =

AQmax B hAf(Tb - Too) B hAbe
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Fin Performance - Corrected Length and Efficiency

100
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L.=L+12
A =Lt

0 0.5 1.0 1.5 2.0 2.5

LAhkA)'? L = L+1/2

FIGURE 3.19 Efficiency of straight fins (rectangular, triangular, and parabolic profiles).




Fin Performance - Corrected Length and Efficiency
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rpIry = 1 (straight rectangular fin) 98
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!
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0.5 1.0 1.5 2.0 25
L¥2(hikA )2

FIGURE 3.20 Efficiency of annular fins of rectangular profile.
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Fins - Nonuniform Cross-Sectional Area
Special case of Figure 3.20

02T 1 dA.dT  hP

oz A dx dx kAT Te) =0

assume A, = 2mrt, Ay = 2m(r? — r{) and replacing x by r

0°T , 1dT LY
ar2 " rdr kt ©l

with, m? = 2h/kt, 6 =T — T,

0% 1d6 .,
o rdr 0T

solution has the expression of modified Bessel equation

O(r) = Cily(mr) + C,K,(mr)

Table 3.5 Efficiency of common fin shapes

Equation 3.66
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Fin arrays - Overall Surface Efficiency

e -

(a) (b)

FIGURE 3.21 Representative fin arrays. (a) Rectangular fins. (b) Annular fins.

1, = qt _ qt
? Amax hAth
0, 1
R = — =
bo e NohA¢
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Fin arrays - Thermal Resistance Model

—_—
(NnghA)™

qf—> |

rb Ngy
1 —>q), Tyo k_, ol
T, a»

5
(h(A, ~NAJY!
= e
- Tyo VVWWWA T,
T h (n,hA)*
(a)
S
R -
RI'INA, (NnhA)
qu |
T, Ney
L —>q, Ty ﬁ T

VWAV
(h(A, - NA)T!

= e .

VWV
(NyohA)!

(b)

FIGURE 3.22 Fin array and thermal circuit. (a) Fins that are integral with the base. (b) Fins that are attached to the base.

Example 3.10

43



Others
- Boiheat
- Thermoelectric Power Generation

Thin metallic % — Ty, E
conductor l
— Ty, Ey
-L qp
ntype —° I
semiconductor, S, «— p-type
" I semiconductor, S,
-
Thin metallic o
conductor I I—* Ty, E;
[ +L £ + T qr2
Ty Ep 2
' a2/ } l(,zlz .
R, 102

(a) (b)

FIGURE 3.23 Thermoelectric phenomena. (a) The Seebeck effect. (b) A simplified thermoelectric
circuit consisting of one pair (N = 1) of semiconducting pellets.
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Chapter 4

Two-Dimensional Steady-State Conduction



A real problem and FEM analysis

Normalized Temperature
6 T/ Tin

Outlet \

-~
)
wg
§
3
g
by
$
,
N
N\
N
N
=
>

Temperature Gradient

IVT|

Coolant
Inlet
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Heat Diffusion Equation - Cartesian Coordinate

Energy Balance Ein + Eg — Eoutz Est

a(kaT>+a(kaT>+a<kaT>+,_ oT
dx \ 0Ox dy\ dy/ 0z\ 0z 1= P 0t  Equation 2.19

0°T 0°T 9°T ¢ 10T

if k=constant, + + + -
0x?  0dy? 0z?

k E dt Equation 2.21

where, @ = —— [m?/s]: thermal diffusivity
pPCyp



Two-dimensional conduction

Steady-state with no heat generation and constant thermal condcutivity

0°T 0T _
9x2 ' 9y

Heat transfer in a long, prismatic solid with two isothermal surfaces
and two insulated surfaces:

n
qy

—rh T,<T, A/v q" =g} + iqy
> 4 "
: S » ([_‘.
Isotherms
\ Y L

Heat flow
lines

Isotherm
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Two-dimensional conduction

v
' T, 0=1
w1A l_

T,, 8 =0— T, y) —7,,6=0

Boundary Conditions

O(L,y) =0,and 8(x, W) =1

00 |- 1% 0(0,y) = 0,and 6(x,0) =0
T, 8=0

FIGURE 4.2 Two-dimensional conduction in a thin rectangular plate or a
long rectangular rod.

92T 02T 920 020 T—T,
ﬁ—l_W_O :> W_i_a_yz_o Where,H—TZ_Tl
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Two-dimensional conduction - Temp. distribution

v

W Sl
0.
0.5
0.25
=0 =0
6=0.1
A
s
% -0 L

FIGURE 4.3 Isotherms and heat flow lines for two-dimensional conduction
in a rectangular plate.

2 (D™t +1  nmx sinh(nmy/L)
= — i Equation 4.19
6(x,7) TL’Z n ST sinh(ntW /L) qation
n=
h 9 _ T - Tl
where, 0 = T
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The Nodal Network and Finite-Difference

Approximation (1)

* The nodal network identifies
discrete points at which the
temperature is to be determined
and uses an m,n notation to !
designate their location.

* A finite-difference approximation is
used gradients in the domain.

ar
ox

aT

dx

> Ax <
v
Ay
: m,n+1

A

.

m,n
‘2} m+1,n
" y . . .
- X, m
m-1n
.
m,n-1
(a)
X . Tx) m-1
= Im.n_’mrl.u 4
" i m
m-1/2, n Ax i
.\
= Tm +1,n" Tm. n
m+1/2,n Ax
1 1 "u.m +1
m- 2 m+ é \

<« Ay =« Ax »

-y

(b)
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The Nodal Network and Finite-Difference
Approximation (2)

Equation 4.29



Derivation of the Finite-Difference Equations (1)

* As a convenience that obviates the need to predetermine the
direction of heat flow, assume all heat flows are into the nodal
region of interest, and express all heat rates accordingly.

Hence, the energy balance becomes: Ej, + Eg =0 (4.30)

* Consider application to an interior nodal point (one < Ax—
that exchanges heat by conduction with four, o
. . . m,r
equidistant nodal points): . "o
4
. Ay \J "
z qi->mmn + q(Ax <Ay - l) =0
;o Y [ ] IS [ ] < [ ) A'\‘
=1 m-1,n m, n m+1,n
where, for example, . - i v
T -1 - T [ ]
Am-1n-mn = k(Ay - 1) L. ot (4.31) e
’ ' Ax
- Ax >

which leads to

q(ax)?

Tm’n+1 + Tm,n—l + Tm+1’n + Tm—l,n + - 4‘Tm'n = 0 Equation 4.35

9]
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Derivation of the Finite-Difference Equations (2)

Figure 4.6

m,on+1 \[\
o
f

| “/cond
/ e

s |\ |

\ &
| :‘— 4cond |\l
-—> : 4 /

| m- 1,n ‘/ccnd|| 1 A m+1,n

\ L__ ™ 9cony

' ‘Icondf

m,n-1
N

Table 4.2
Example 4.2



Chapter 5

Transient Conduction

Lumped Capacitance Method, Semi-Infinite Solid



Heat Diffusion Equation - Cartesian Coordinate

Energy Balance Ein + Eg — Eoutz Est

a(kaT)_I_a(kaT)_l_a(kaT)_l___ oT
ax\“ax) Tay\“ay) T9z\"0z) "I T PPt Equation219

0°T 0°T 9°T ¢ 10T

if k=constant, + + —
0x?  0y? 0z?

WRrT Equation 2.21
where, @ = —— [m?/s]: thermal diffusivity

pPCyp
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The Lumped Capacitance Megl&od - Model
™M
7
;@ %Z‘% %l +%— E, = Eq Energy Balance

‘\
Liquidcece2e=cas ) Ay .
e =gl — = 2 //— \\\\/ . .
- =\ 1) == g = \\\ Esm \\ :> _Eoutz ESt
E===cs===—==-===120= \\\ ’,'
T, <T == T=TU)S _— dT

—hA(T - Ty,) = pVc, I

FIGURE 5.1 Cooling of a hot metal forging.

defining 0(x) =T(x) — T,

_ pVcydb
" R4, dt

Separating variables

_ pVe,do

—A =30
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The Lumped Capacitance Method - Solution

1

ol
0.368

FIGURE 5.2 Transient temperature response of lumped capacitance solids
for different thermal time constants ;.

constant
0 T—-T, hA, . ( t) Equation 5.6
—=— " —¢ — =e - uation 5.
o, T,—-T, P| \pve, P\ d
pVecy,
where, thermal time constant, Tt = = R:C;
hA,

and, C; is lumped thermal capacitance 58
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Validity of the Lumped Capacitance Method - Biot
Number

FIGURE 5.3 Effect of Biot number on steady-state temperature distribution
in a plane wall with surface convection.

kA
T(TSJ - Ts72) = hA(Ts,2 - Too)

Ts’l - Ts72 (L/kA) Rtycond hL Bi E . 5 6
= — - = i
Tio—To  (1/hA)  Riconw kK quation 5.
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Validity of the Lumped Capacitance Method - Biot
Number

| |
:

el — &

I /y [0 =T1 i x,0=T,17
] T_, 'l }H ;
| '
- 1 1
|
| | ) ) .. |
I ‘ i ] r. il
R L L L L L L
L l—-ll Bi <« | Bi~1 Bi 1
" T=TW) T=Tu,n T=Tu, 1
FIGURE 5.4 Transient temperature distributions for different Biot numbers in a plane wall symmetrically
cooled by convection.
hL,
Bi = < 0.1
Example 5.1 k
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Example 5.2

Junction temperature, T (°C)

\Hot duct wall,
T, =400°C
| davee Junction, T11)
T_=200°C » T;=25°C, D=0.7 mm
h =400 W/m?K ﬁ/p' = 8500 kg/m®
2 ¢ =400 JkgK
e=09
260
220 —
180 800 /
140 it
200
20
100 h (W/m=+K)
60
20
0 2 4 6 8 10

Elapsed time, f (s)
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The Lumped Capacitance Method - Another form of
the Solution

A 9 T-T,
h S)t]  —t E:Ti—T = exp(— Bi - Fo)

hA¢  ht  hL. k t  hL ot

pVe  peL, k EL_E_ k r2
Equation 5.11

hAt .
= Bi- Fo
pVe

at

where, Fourier Number, Fo = Iz
(~diminsionaless time) ¢

h istic Leneth Volume L = K
aracteristic engt (m), c As
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General Lump Capacitance Method - Model

Surroundings
Tsur 1
b e V.TO) =T, Energy Balance Equation
1 I
: : = //A I " " A = oV ﬂ
1 I s Ash + Eg (geony + qrad) s(cr) = PVC dt
P PR
== EE | T h
' | 4 ’A 2,— [M(T — T, T — T4 Ay em) = Vﬂ
: I Tcony ds s,h + Eg [ ( 00) + 60-( sur)] s(e,r) — pve dt
B !
A h Ae. ) Equation 5.15

FIGURE 5.5 Control surface for general lumped capacitance analysis.



General Lump Capacitance Method

Section Solution Equations
531 Radiation only Equation 5.18
53.2 Negligible Radiation Equation 5.25
533 Convection only with Variable Convection Equation 5.28

Coefficient
53.4 Additional Considerations -

Example 5.3 & 5.4
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Example 5.3

T, = 175C

2L = 3 mm —j=—-e]

H

A

¥

N

+—Epoxy,
e=08

Aluminum, 0) = T, , = 25°C

Step 1: Heating (O <t<1t)

200

175

N

h T =25C

Ty, = 25°C

'

=

Lm,) =37C

Step 2: Cooling (r.<1<1)

Alir150°C)

Heating

Cooling

600
t(s)

900 1,

1200
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Spatial Effect

2 NN\

| 7, 0) =T, Tlx, 0) = 7,1
e I O ull

:

.

‘i‘ N
/S o W 4

|
|
|
|
;
|
:

T,k 3
T | T. i 3 T.
[ I LT L L L L L
-L l_.l‘ Bix1 Bi=1 Bi> 1
- T=T0) T=Tu, 1 T=Tu, 0
FIGURE 5.4 Transient temperature distributions for different Biot numbers in a plane wall symmetrically
cooled by convection.

0%T 10T )
W = EE Equation 5.29

2N* *
070 = 99 Equation 5.37
dx*2  0dFo

0" = f(x*,Fo, Bi) Equation 5.41
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Plane Wall with Convection

T, 0)=T;

\

|

1

i

i

i

i

1

i

1

| .
1

i 0" = z Cpexp(—(2Fo) cos({,x*) Equation 5.42
|

‘ L n=1

=

t~I=

4 sin
> and, G, = én

here, F at
w ) 0 =— .
Figure 5.6 Ls 2(, + sin 2,
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Radial Systems with Convection

Infinite Cylinder or Sphere of Radius, 7,

nr,0)=T,

!

0* = Z Cpexp(—(2Fo) cos({,r*) Equation 5.50
Figure 5.6 e

a o2 )i
1"02 T (n]é((n)"‘]f((n)

where, Fo =

J1 and J2: Bessel function of first kind

Example 5.5 & 5.6
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Semi-Infinite Solid (assumption) - Model

Case (1) Case (2) Case (3)
T, 0) =T, T, 0) =T, T, 0) =T,
70,0 =T, —kaTlox|,_o=q. —k aTiox|, _ o = HT_ - MO, 1)
T, T_,h
q9,—> T T
—x — —
Tix, 1
T T

T, T\ T,

X X X

FIGURE 5.7 Transient temperature distributions in a semi-infinite solid for three surface conditions: constant surface
temperature, constant surface heat flux, and surface convection.
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Semi-Infinite Solid - Derivation (Section 5.7)

0°T 10T
dx2  adt
0°T 5 0T
ar

where, similarity variable, 17 =

Equation 5.29

Equation 5.57

X
4o

5
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Semi-Infinite Solid - Solution

Case 1 Constant Surface Temperature: 7(0, t) = T

T(z,t) — T z (5.60)
—— —erf
T, - T 2vat
k(Ts — T;
qé’(t) _ ( s z) (5.61)
vmat
Case 2 Constant Surface Heat Flux: ¢! = ¢/
20" (ot /e 1/2 2 " (5.62)
T(z,t)—T;, = % (at/m) exp [ o= ) — 2% erfe a
k 4ot k 2/at
. orT
Case 3 Surface Convection: —k— = h|Tw — T(0,1)]
T lz=0
T(z,t) —T; z (5.63)
——— = erfc




Case1 & 2

100

10

0.1

0.01

Constant Surface Temperature

Exterior objects, L= (A/4x)1/2
Semi-infinite solid

Interior, L_=Lorr,
sphere
infinite cylinder
plane wall

"770.0001 0.001 0.01 0.1 1 10
Fo = atll?
Figure 5.10

Constant Surface Heat Flux

100
Exterior sphere, L. =,

Semi-infinite solid
10

Interior, L = Lorr,

— 0
sphere
0.1 P .
infinite cylinder
plane wall
0.01
0.0001 0.001 0.01 0.1 1
Fo = alll?
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Case 3 Surface Convection
Semi-Infinite Solid - Solution

/—l,»‘
T =T,

FIGURE 5.8 Temperature histories in a semi-infinite solid with surface convection.

Example 5.7
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