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Chapter 2 

Introduction to Conduction



Conduction 

Observation → Concept/Simplification  → Theory (equations)
                            (assumption/modeling)
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General Form of Conduction Rate Equation: 

“Fourier’s Law”

𝑞!! = −𝑘
𝜕𝑇
𝜕𝑥 𝚤 +

𝜕𝑇
𝜕𝑦 𝚥 +

𝜕𝑇
𝜕𝑧 𝑘

where,	 𝑘 = 𝑘! = 𝑘" = 𝑘#

𝑞!! =
𝑞"
𝐴"

= −𝑘"	×
𝑑𝑇"
𝑑𝑥



Thermal Conductivity (k) – Material Property
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Thermal Conductivity (k) – Solid vs. Fluid
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Thermal Conductivity (k) – Fluid (Gas vs. Liquid)
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Heat Diffusion Equation
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Heat Diffusion Equation – Cartesian Coordinate
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Conservation of Energy
(Energy Balance)

𝐸̇#$ − 𝐸̇%&' =
𝜕
𝜕𝑥 𝑘

𝜕𝑇
𝜕𝑥 +

𝜕
𝜕𝑦 𝑘

𝜕𝑇
𝜕𝑦 +

𝜕
𝜕𝑧 𝑘

𝜕𝑇
𝜕𝑧 𝑑𝑥𝑑𝑦𝑑𝑧

𝐸̇$% + 𝐸̇& − 𝐸̇'()= 𝐸̇*)

𝑞!"#! = 𝑞! +
𝜕𝑞!
𝜕𝑥 𝑑𝑥 = 𝑞! +

𝜕
𝜕𝑥 −𝑘

𝜕𝑇
𝜕𝑥 𝑑𝑦𝑑𝑧 𝑑𝑥

𝑞$"#$ = 𝑞$ +
𝜕𝑞$
𝜕𝑦 𝑑𝑦 = 𝑞$ +

𝜕
𝜕𝑦 −𝑘

𝜕𝑇
𝜕𝑦 𝑑𝑥𝑑𝑧 𝑑𝑦

𝑞%"#% = 𝑞% +
𝜕𝑞%
𝜕𝑧

𝑑𝑧 = 𝑞% +
𝜕
𝜕𝑧

−𝑘
𝜕𝑇
𝜕𝑧
𝑑𝑥𝑑𝑦 𝑑𝑧



Heat Diffusion Equation – Cartesian Coordinate
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Energy Balance 𝐸̇$% + 𝐸̇& − 𝐸̇'()= 𝐸̇*)

𝐸̇! = 𝑞̇×𝑑𝑥𝑑𝑦𝑑𝑧

𝐸̇"# = 𝜌𝑐$
𝜕𝑇
𝜕𝑡
×𝑑𝑥𝑑𝑦𝑑𝑧

= 𝜌𝑐%
𝜕𝑇
𝜕𝑡
×𝑑𝑥𝑑𝑦𝑑𝑧



Heat Diffusion Equation – Cartesian Coordinate
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Energy Balance

𝜕
𝜕𝑥

𝑘
𝜕𝑇
𝜕𝑥

+
𝜕
𝜕𝑦

𝑘
𝜕𝑇
𝜕𝑦

+
𝜕
𝜕𝑧

𝑘
𝜕𝑇
𝜕𝑧

+ 𝑞̇ = 𝜌𝑐!
𝜕𝑇
𝜕𝑡

𝐸̇$% + 𝐸̇& − 𝐸̇'()= 𝐸̇*)

𝐸̇! = 𝑞̇×𝑑𝑥𝑑𝑦𝑑𝑧

𝐸̇"# = 𝜌𝑐$
𝜕𝑇
𝜕𝑡
×𝑑𝑥𝑑𝑦𝑑𝑧 = 𝜌𝑐%

𝜕𝑇
𝜕𝑡
×𝑑𝑥𝑑𝑦𝑑𝑧

Equation 2.19

𝐸̇&' − 𝐸̇()# =
𝜕
𝜕𝑥

𝑘
𝜕𝑇
𝜕𝑥

+
𝜕
𝜕𝑦

𝑘
𝜕𝑇
𝜕𝑦

+
𝜕
𝜕𝑧

𝑘
𝜕𝑇
𝜕𝑧

𝑑𝑥𝑑𝑦𝑑𝑧



Heat Diffusion Equation – Cartesian Coordinate
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𝜕"𝑇
𝜕𝑥"

+
𝜕"𝑇
𝜕𝑦"

+
𝜕"𝑇
𝜕𝑧"

+
𝑞̇
𝑘
=
1
𝛼
𝜕𝑇
𝜕𝑡

if k = constant,

Energy Balance

where, 	 [ ⁄𝑚" 𝑠]: thermal diffusivity𝛼 =
𝑘
𝜌𝐶!

𝐸̇$% + 𝐸̇& − 𝐸̇'()= 𝐸̇*)

𝜕
𝜕𝑥

𝑘
𝜕𝑇
𝜕𝑥

+
𝜕
𝜕𝑦

𝑘
𝜕𝑇
𝜕𝑦

+
𝜕
𝜕𝑧

𝑘
𝜕𝑇
𝜕𝑧

+ 𝑞̇ = 𝜌𝑐!
𝜕𝑇
𝜕𝑡 Equation 2.19

Equation 2.21



Heat Diffusion Equation – Cylindrical/Spherical
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Cylindrical Coordinate Spherical Coordinate
Equation 2.26 Equation 2.29



Heat Diffusion Equation –Boundary Dependence
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Chapter 3 

One-Dimensional Steady-State Conduction



Heat Diffusion Equation – Cartesian Coordinate
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𝜕"𝑇
𝜕𝑥"

+
𝜕"𝑇
𝜕𝑦"

+
𝜕"𝑇
𝜕𝑧"

+
𝑞̇
𝑘
=
1
𝛼
𝜕𝑇
𝜕𝑡

if k=constant,

Energy Balance 𝐸̇$% + 𝐸̇& − 𝐸̇'()= 𝐸̇*)

𝜕
𝜕𝑥

𝑘
𝜕𝑇
𝜕𝑥

+
𝜕
𝜕𝑦

𝑘
𝜕𝑇
𝜕𝑦

+
𝜕
𝜕𝑧

𝑘
𝜕𝑇
𝜕𝑧

+ 𝑞̇ = 𝜌𝑐!
𝜕𝑇
𝜕𝑡

where, 	 [ ⁄𝑚" 𝑠]: thermal diffusivity𝛼 =
𝑘
𝜌𝐶!

Equation 2.19

Equation 2.21



Conduction with No Heat Generation, 1D & Steady
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Q > Is the temperature profile linear? (1) Heat Diffusion Equation

(2) 1D, steady state, & no heat generation

𝑇 𝑥 = 𝑐&𝑥 + 𝑐'

(3) integrating twice & k = constant

(4) two boundary conditions are

𝑇 0 = 𝑇&

𝑇 𝐿 = 𝑇' 𝑐& =
𝑇' − 𝑇&
𝐿

𝑐' = 𝑇&
(5) therefore,

𝑇 𝑥 =
𝑇' − 𝑇&
𝐿 𝑥 + 𝑇&

Ans > Hence, the temperature 
distribution is linear function of x.

𝜕
𝜕𝑥 𝑘

𝜕𝑇
𝜕𝑥 +

𝜕
𝜕𝑦 𝑘

𝜕𝑇
𝜕𝑦 +

𝜕
𝜕𝑧 𝑘

𝜕𝑇
𝜕𝑧 + 𝑞̇ = 𝜌𝑐(

𝜕𝑇
𝜕𝑡

𝜕
𝜕𝑥

𝑘
𝜕𝑇
𝜕𝑥

= 0

(General Solution)

(Exact Solution)



The Thermal Resistance Concept
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𝑞 = 𝑘𝐴
𝑇* − 𝑇+
𝐿

=
∆𝑇
𝑅#

𝑞,, = −𝑘	×
𝑑𝑇
𝑑𝑥

= 𝑘
𝑇* − 𝑇+
𝑥+ − 𝑥*

= 𝑘
𝑇* − 𝑇+
𝐿Conduction,

𝑅# =
𝐿
𝑘𝐴

Convection, 𝑞,, 	= ℎ	×	∆𝑇 = ℎ 𝑇" − 𝑇-

𝑞 = ℎ𝐴 𝑇" − 𝑇- =
∆𝑇
𝑅#

𝑅# =
1
ℎ𝐴

𝑅#(# =9𝑅# =
1
𝑈𝐴Overall heat transfer coefficient, U
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T∞,1 to one surface of the wall at Ts,1, by conduction through the wall, and
by convection from the other surface of the wall at Ts,2 to the cold fluid at
T∞,2.

FIGURE 3.1 Heat transfer through a plane wall. (a) Temperature
distribution. (b) Equivalent thermal circuit.

We begin by considering conditions within the wall. We first determine
the temperature distribution, from which we can then obtain the
conduction heat transfer rate.

Thermal Resistance 

𝑞 = 𝑞++×	𝐴 =
∆𝑇
𝑅)')

𝑅)') =
1
ℎ,𝐴

+
𝐿
𝑘𝐴 +

1
ℎ-𝐴



Thermal Resistance – Multiple Layers of Walls (1)
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(3.14)

(3.15)

FIGURE 3.2 Equivalent thermal circuit for a series composite wall.

where T∞,1 − T∞,4 is the overall temperature difference, and the
summation includes all thermal resistances. Hence

Alternatively, the heat transfer rate can be related to the temperature
difference and resistance associated with each element. For example,

qx =
T∞,1 − T∞,4

∑ Rt

qx =
T∞,1 − T∞,4

[(1/h1A) + (LA/kAA) + (LB/kBA) + (LC/kCA) + (1/h4A)]

− − −

𝑞 =
𝑇.,, − 𝑇.,0

∑𝑅)



Thermal Resistance – Multiple Layers of Walls (2)
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differences increase with increasing |kF − kG|, as multidimensional effects
become more significant.

FIGURE 3.3 Equivalent thermal circuits for a series–parallel composite
wall.

3.1.4 Contact Resistance



Contact Resistance – Practical Issues (1)
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(3.20)

Although neglected until now, it is important to recognize that, in
composite systems, the temperature drop across the interface between
materials may be appreciable. This temperature change is attributed to
what is known as the thermal contact resistance, Rt,c. The effect is shown
in Figure 3.4, and for a unit area of the interface, the resistance is defined
as

FIGURE 3.4 Temperature drop due to thermal contact resistance.

The existence of a finite contact resistance is due principally to surface
roughness effects. Contact spots are interspersed with gaps that are, in
most instances, air filled. Heat transfer is therefore due to conduction
across the actual contact area and to conduction and/or radiation across
the gaps. The contact resistance may be viewed as two parallel resistances:

R ′′
t,c =

TA − TB

q  ′′
x
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composite systems, the temperature drop across the interface between
materials may be appreciable. This temperature change is attributed to
what is known as the thermal contact resistance, Rt,c. The effect is shown
in Figure 3.4, and for a unit area of the interface, the resistance is defined
as

FIGURE 3.4 Temperature drop due to thermal contact resistance.

The existence of a finite contact resistance is due principally to surface
roughness effects. Contact spots are interspersed with gaps that are, in
most instances, air filled. Heat transfer is therefore due to conduction
across the actual contact area and to conduction and/or radiation across
the gaps. The contact resistance may be viewed as two parallel resistances:
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TA − TB

q  ′′
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Contact Resistance – Practical Issues (2)
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that due to the contact spots and that due to the gaps. The contact area is
typically small, and, especially for rough surfaces, the major contribution
to the resistance is made by the gaps.
For solids whose thermal conductivities exceed that of the interfacial fluid,
the contact resistance may be reduced by increasing the area of the
contact spots. Such an increase may be effected by increasing the contact
pressure and/or by reducing the roughness of the mating surfaces. The
contact resistance may also be reduced by selecting an interfacial fluid of
large thermal conductivity. In this respect, no fluid (an evacuated
interface) eliminates conduction across the gap, thereby increasing the
contact resistance. Likewise, if the characteristic gap width L becomes
small (as, for example, in the case of very smooth surfaces in contact), L/
λmfp can approach values for which the thermal conductivity of the
interfacial gas is reduced by microscale effects, as discussed in Section 2.2.
Although theories have been developed for predicting , the most
reliable results are those that have been obtained experimentally. The
effect of loading on metallic interfaces can be seen in Table 3.1a, which
presents an approximate range of thermal resistances under vacuum
conditions. The effect of interfacial fluid on the thermal resistance of an
aluminum interface is shown in Table 3.1b.

TABLE 3.1 Thermal contact resistance for (a) metallic interfaces
under vacuum conditions and (b) aluminum interface (10-µm
surface roughness, 105 N/m2) with different interfacial fluids

[1]
Thermal Resistance, 

(a) Vacuum
Interface

(b) Interfacial
Fluid

Contact pressure 100
kN/m2

10,000
kN/m2

Air 2.75

Stainless steel   6–25  0.7–4.0 Helium 1.05
Copper   1–10  0.1–0.5 Hydrogen 0.720
Magnesium 1.5–3.5 0.2–0.4 Silicone oil 0.525
Aluminum 1.5–5.0 0.2–0.4 Glycerine 0.265

R ′′
t,c

R  ′′
t,c × 104(m2 ⋅ K/W)
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Porous Material – Useful Applications
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(3.21)

FIGURE 3.5 A porous medium. (a) The medium and its properties. (b)
Series thermal resistance representation. (c) Parallel resistance

representation.

where keff is an effective thermal conductivity. Equation 3.21 is valid if
fluid motion, as well as radiation heat transfer within the medium, are
negligible. The effective thermal conductivity varies with the porosity or
void fraction of the medium ε which is defined as the volume of fluid
relative to the total volume (solid and fluid). In addition, keff depends on
the thermal conductivities of each of the phases and, in this discussion, it
is assumed that ks > kf. The detailed solid phase geometry, for example
the size distribution and packing arrangement of individual powder
particles, also affects the value of keff. Contact resistances that might
evolve at interfaces between adjacent solid particles can impact the value
of keff. As discussed in Section 2.2.1, nanoscale phenomena might also
influence the effective thermal conductivity. Hence, prediction of keff can
be difficult and, in general, requires detailed knowledge of parameters
that might not be readily available.
Despite the complexity of the situation, the value of the effective thermal

qx = (T1 − T2)
keffA

L

Porous Material – Thermal Conductivity 



Conduction with Area Change
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(3.26)

(3.27)

FIGURE 3.6 System with a constant conduction heat transfer rate.

For the above conditions it is possible to work exclusively with Fourier's law when performing a
conduction analysis. In particular, since the conduction rate is a constant, the rate equation
may be integrated, even though neither the rate nor the temperature distribution is known.
Consider Fourier's law, Equation 2.1, which may be applied to the system of Figure 3.6.
Although we may have no knowledge of the value of qx or the form of T(x), we do know that qx
is a constant. Hence we may express Fourier's law in the integral form

The cross-sectional area may be a known function of x, and the material thermal conductivity
may vary with temperature in a known manner. If the integration is performed from a point x0
at which the temperature T0 is known, the resulting equation provides the functional form of
T(x). Moreover, if the temperature T = T1 at some x = x1 is also known, integration between x0
and x1 provides an expression from which qx may be computed. Note that, if the area A is
uniform and k is independent of temperature, Equation 3.26 reduces to

where Δx = x1 − x0 and ΔT = T1 − T0.

We frequently elect to solve diffusion problems by working with integrated forms of the
diffusion rate equations. However, the limiting conditions for which this may be done should be
firmly fixed in our minds: steady-state and one-dimensional transfer with no heat generation.

EXAMPLE 3.5

The diagram shows a conical section fabricated from pyroceram. It is of circular cross
section with the diameter D = ax, where a = 0.25. The small end is at x1 = 50 mm and the
large end at x2 = 250 mm. The end temperatures are T1 = 400 K and T2 = 600 K, while the
lateral surface is well insulated.

qx ∫ x

x0

=−∫ T

T0

k (T ) dT
dx

A (x)

=−k∆T
qx∆x

A

𝑞.;
.!

. 𝑑𝑥
𝐴 𝑥

= −;
.!

.
𝑘 𝑇 𝑑𝑇

𝑞. = −;
.!

.
𝑘 𝑇 𝐴 𝑥

𝑑𝑇
𝑑𝑥

Example 3.5

𝑇* − 𝑇+
⁄1 𝑥 − ⁄1 𝑥*
⁄1 𝑥* − ⁄1 𝑥+

𝑇 𝑥 = 𝑇* +



Conduction – Cylindrical Coordinate
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(3.28)

(3.29)

(3.30)

FIGURE 3.7 Hollow cylinder with convective surface conditions.

where, for the moment, k is treated as a variable. The physical significance of this result
becomes evident if we also consider the appropriate form of Fourier's law. The rate at which
energy is conducted across any cylindrical surface in the solid may be expressed as

where A = 2πrL is the area normal to the direction of heat transfer. Since Equation 3.28
dictates that the quantity kr(dT/dr) is independent of r, it follows from Equation 3.29 that the
conduction heat transfer rate qr (not the heat flux ) is a constant in the radial direction.

We may determine the temperature distribution in the cylinder by solving Equation 3.28 and
applying appropriate boundary conditions. Assuming the value of k to be constant, Equation
3.28 may be integrated twice to obtain the general solution

To obtain the constants of integration C1 and C2, we introduce the following boundary
conditions:

(kr ) = 0
1
r

d

dr

dT

dr

qr =−kA =−k(2πrL)
dT

dr

dT

dr

q  ′′
r

T  (r) = C1 ln  r + C2

1
𝑟
𝜕
𝜕𝑟

𝑘𝑟
𝜕𝑇
𝜕𝑟

+
1
𝑟+

𝜕
𝜕𝜙

𝑘
𝜕𝑇
𝜕𝜙

+
𝜕
𝜕𝑧

𝑘
𝜕𝑇
𝜕𝑧

+ 𝑞̇ = 𝜌𝑐%
𝜕𝑇
𝜕𝑡

Equation 3.281
𝑟
𝜕
𝜕𝑟

𝑘𝑟
𝜕𝑇
𝜕𝑟

= 0

Equation 2.26

𝑇 𝑟 =
𝑇",* − 𝑇",+
ln ⁄𝑟* 𝑟*

ln
𝑟
𝑟+

+ 𝑇",+

𝑇 𝑟 = 𝐶* ln 𝑟 + 𝐶+ Equation 3.30General Solution

Equation 3.31

Boundary Conditions

𝑇 𝑟* = 𝑇",* 𝑇 𝑟* = 𝑇",+&



Cylindrical Coordinate – Temperature Distribution
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(3.34)

(3.35)

(3.36)

FIGURE 3.8 Temperature distribution for a composite cylindrical wall.

The foregoing result may also be expressed in terms of an overall heat transfer coefficient. That
is,

If U is defined in terms of the inside area, A1 = 2πr1L, Equations 3.34 and 3.35 may be equated
to yield

qr =
T∞,1 − T∞,4

+ + + +
1

2πr1Lh1

ln  (r2/r1)

2πkAL

ln  (r3/r2)

2πkBL

ln  (r4/r3)

2πkCL

1
2πr4Lh4

qr = = UA (T∞,1 − T∞,4)
T∞,1 − T∞,4

Rtot

U1 =
1

+  ln  +  ln  +  ln  +
1
h1

r1

kA

r2

r1

r1

kB

r3

r2

r1

kC

r4

r3

r1

r4

1
h4

Example 3.6



Conduction – Spherical Coordinate
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𝑞.
4𝜋

;
0"

0# 𝑑𝑟
𝑟+
= −;

1$,"

1$,#
𝑘 𝑇 𝑑𝑇

𝑞0 = −𝑘𝐴
𝑑𝑇
𝑑𝑟

= −𝑘 4𝜋𝑟+
𝑑𝑇
𝑑𝑟

𝑞0 =
4𝜋𝑘 𝑇",* − 𝑇",+
⁄1 𝑟* − ⁄1 𝑟+

if k = constant

𝑅#,2('3 =
1
4𝜋𝑘

1
𝑟*
−
1
𝑟+



Summary of 1D Conduction Results
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Conduction with Heat Generation
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(3.44)

(3.45)

FIGURE 3.10 Conduction in a plane wall with uniform heat generation. (a)
Asymmetrical boundary conditions. (b) Symmetrical boundary conditions.

(c) Adiabatic surface at midplane.

The general solution is

where C1 and C2 are the constants of integration. For the prescribed

+ = 0
d2T

dx2

q̇

k

T =− x2 + C1x + C2
q̇

2k

𝜕
𝜕𝑥

𝑘
𝜕𝑇
𝜕𝑥

+ 𝑞̇ = 0

𝜕+𝑇
𝜕+𝑥

	+
𝑞̇
𝑘
= 0 if k = constant

Equation 3.46𝑇 𝑥 =
𝑞̇𝐿+

2𝑘
1 −

𝑥+

𝐿+
+
𝑇",+ − 𝑇",*

2
𝑥
𝐿
+
𝑇",* + 𝑇",+

2

Example 3.7

𝑇 𝑥 =
𝑞̇
2𝑘
𝑥+ + 𝐶*𝑥 + 𝐶+

Equation 3.45

Boundary Conditions

𝑇 −𝐿 = 𝑇",* 𝑇 𝐿 = 𝑇",+&
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contact resistance at this location. What would be the effect of such
a resistance on the temperature distribution throughout the
system? Sketch a representative distribution. What would be the
effect on the temperature distribution of an increase in , kA, or
kB? Qualitatively sketch the effect of such changes on the
temperature distribution.

4. This example is solved in the Advanced section of IHT.

3.5.2 Radial Systems
Heat generation may occur in a variety of radial geometries. Consider the
long, solid cylinder of Figure 3.11, which could represent a current-
carrying wire or a fuel element in a nuclear reactor. For steady-state
conditions, the rate at which heat is generated within the cylinder must
equal the rate at which heat is convected from the surface of the cylinder
to a moving fluid. This condition allows the surface temperature to be
maintained at a fixed value of Ts.

FIGURE 3.11 Conduction in a solid cylinder with uniform heat generation.

To determine the temperature distribution in the cylinder, we begin with

q̇

1
𝑟
𝜕
𝜕𝑟

𝑘𝑟
𝜕𝑇
𝜕𝑟

+ 𝑞̇ = 0

if k = constant
1
𝑟
𝜕
𝜕𝑟

𝑟
𝜕𝑇
𝜕𝑟

+
𝑞̇
𝑘
= 0

𝑇 𝑟 = −
𝑞̇
4𝑘
𝑟+ + 𝐶* ln 𝑟 + 𝐶+

Equation 3.56

𝑇 𝑥 =
𝑞̇𝑟4+

4𝑘
1 −

𝑟+

𝑟4+
+ 𝑇" Equation 3.58

Boundary Conditions

𝑑𝑇
𝑑𝑟054

= 0 𝑇 𝑟( = 𝑇"&
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FIGURE 3.13 Use of fins to enhance heat transfer from a plane wall. (a) Bare surface. (b) Finned surface.

Examples of fin applications are easy to find. Consider the arrangement for cooling engine heads on motorcycles and lawn
mowers or for cooling electric power transformers. Consider also the tubes with attached fins used to promote heat
exchange between air and the working fluid of an air conditioner. Two common finned-tube arrangements are shown in
Figure 3.14.

FIGURE 3.14 Schematic of typical finned-tube heat exchangers.

Different fin configurations are illustrated in Figure 3.15. A straight fin is any extended surface that is attached to a plane
wall. It may be of uniform cross-sectional area, or its cross-sectional area may vary with the distance x from the wall. An
annular fin is one that is circumferentially attached to a cylinder, and its cross section varies with radius from the wall of
the cylinder. The foregoing fin types have rectangular cross sections, whose area may be expressed as a product of the fin
thickness t and the width w for straight fins or the circumference 2πr for annular fins. In contrast a pin fin, or spine, is an
extended surface of circular cross section. Pin fins may be of uniform or nonuniform cross section. In any application,
selection of a particular fin configuration may depend on space, weight, manufacturing, and cost considerations, as well as
on the extent to which the fins reduce the surface convection coefficient and increase the pressure drop associated with flow
over the fins.
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mowers or for cooling electric power transformers. Consider also the tubes with attached fins used to promote heat
exchange between air and the working fluid of an air conditioner. Two common finned-tube arrangements are shown in
Figure 3.14.

FIGURE 3.14 Schematic of typical finned-tube heat exchangers.

Different fin configurations are illustrated in Figure 3.15. A straight fin is any extended surface that is attached to a plane
wall. It may be of uniform cross-sectional area, or its cross-sectional area may vary with the distance x from the wall. An
annular fin is one that is circumferentially attached to a cylinder, and its cross section varies with radius from the wall of
the cylinder. The foregoing fin types have rectangular cross sections, whose area may be expressed as a product of the fin
thickness t and the width w for straight fins or the circumference 2πr for annular fins. In contrast a pin fin, or spine, is an
extended surface of circular cross section. Pin fins may be of uniform or nonuniform cross section. In any application,
selection of a particular fin configuration may depend on space, weight, manufacturing, and cost considerations, as well as
on the extent to which the fins reduce the surface convection coefficient and increase the pressure drop associated with flow
over the fins.
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(3.62)

(3.61)

FIGURE 3.15 Fin configurations. (a) Straight fin of uniform cross section. (b) Straight fin of nonuniform cross section. (c)
Annular fin. (d) Pin fin.

3.6.1 A General Conduction Analysis
As engineers we are primarily interested in knowing the extent to which particular extended surfaces or fin arrangements
could improve heat transfer from a surface to the surrounding fluid. To determine the heat transfer rate associated with a
fin, we must first obtain the temperature distribution along the fin. As we have done for previous systems, we begin by
performing an energy balance on an appropriate differential element. Consider the extended surface of Figure 3.16. The
analysis is simplified if certain assumptions are made. We choose to assume one-dimensional conditions in the longitudinal
(x-) direction, even though conduction within the fin is actually two-dimensional. The rate at which energy is convected to
the fluid from any point on the fin surface must be balanced by the net rate at which energy reaches that point due to
conduction in the transverse (y-, z-) direction. However, in practice the fin is thin, and temperature changes in the
transverse direction within the fin are small compared with the temperature difference between the fin and the
environment. Hence, we may assume that the temperature is uniform across the fin thickness, that is, it is only a function of
x. We will consider steady-state conditions and also assume that the thermal conductivity is constant, that radiation from
the surface is negligible, that heat generation effects are absent, and that the convection heat transfer coefficient h is
uniform over the surface.

FIGURE 3.16 Energy balance for an extended surface.

Applying the conservation of energy requirement, Equation 1.12c, to the differential element of Figure 3.16, we obtain

From Fourier's law we know that

where Ac is the cross-sectional area, which may vary with x. Since the conduction heat rate at x + dx may be expressed as

qx = qx+dx + dqconv

qx =−kAc

dT

dx
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(3.62)

(3.61)

FIGURE 3.15 Fin configurations. (a) Straight fin of uniform cross section. (b) Straight fin of nonuniform cross section. (c)
Annular fin. (d) Pin fin.

3.6.1 A General Conduction Analysis
As engineers we are primarily interested in knowing the extent to which particular extended surfaces or fin arrangements
could improve heat transfer from a surface to the surrounding fluid. To determine the heat transfer rate associated with a
fin, we must first obtain the temperature distribution along the fin. As we have done for previous systems, we begin by
performing an energy balance on an appropriate differential element. Consider the extended surface of Figure 3.16. The
analysis is simplified if certain assumptions are made. We choose to assume one-dimensional conditions in the longitudinal
(x-) direction, even though conduction within the fin is actually two-dimensional. The rate at which energy is convected to
the fluid from any point on the fin surface must be balanced by the net rate at which energy reaches that point due to
conduction in the transverse (y-, z-) direction. However, in practice the fin is thin, and temperature changes in the
transverse direction within the fin are small compared with the temperature difference between the fin and the
environment. Hence, we may assume that the temperature is uniform across the fin thickness, that is, it is only a function of
x. We will consider steady-state conditions and also assume that the thermal conductivity is constant, that radiation from
the surface is negligible, that heat generation effects are absent, and that the convection heat transfer coefficient h is
uniform over the surface.

FIGURE 3.16 Energy balance for an extended surface.

Applying the conservation of energy requirement, Equation 1.12c, to the differential element of Figure 3.16, we obtain

From Fourier's law we know that

where Ac is the cross-sectional area, which may vary with x. Since the conduction heat rate at x + dx may be expressed as

qx = qx+dx + dqconv

qx =−kAc

dT

dx

𝑞. = 𝑞.63. + 𝑑𝑞2('$

𝑞. = −𝑘𝐴2
𝑑𝑇
𝑑𝑥

𝑞.63. = 𝑞. +
𝑑𝑞.
𝑑𝑥

𝑑𝑥

= −𝑘𝐴2
𝑑𝑇
𝑑𝑥

+
𝑑
𝑑𝑥

−𝑘𝐴2
𝑑𝑇
𝑑𝑥

𝑑𝑥

𝑑𝑞2('$ = ℎ𝑑𝐴" 𝑇 − 𝑇-
                        = ℎ𝑃𝑑𝑥 𝑇 − 𝑇-

𝑑
𝑑𝑥

𝐴2
𝑑𝑇
𝑑𝑥

−
ℎ
𝑘
𝑃 𝑇 − 𝑇- = 0

𝜕+𝑇
𝜕𝑥+

	+
1
𝐴2
𝑑𝐴2
𝑑𝑥

𝑑𝑇
𝑑𝑥

−
ℎ𝑃
𝑘𝐴2

𝑇 − 𝑇- = 0 Equation 3.66

Energy Balance

Conduction

Convection
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(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

it follows that

The convection heat transfer rate may be expressed as

where dAs is the surface area of the differential element and P is its perimeter. Substituting the foregoing rate equations
into the energy balance, Equation 3.61, we obtain

or

This result provides a general form of the energy equation for an extended surface. Its solution for appropriate boundary
conditions provides the temperature distribution, which may be used with Equation 3.62 to calculate the conduction rate at
any x.

3.6.2 Fins of Uniform Cross-Sectional Area
To solve Equation 3.66 it is necessary to be more specific about the geometry. We begin with the simplest case of straight
rectangular and pin fins of uniform cross section (Figure 3.17). Each fin is attached to a base surface of temperature T(0) =
Tb and extends into a fluid of temperature T∞.

FIGURE 3.17 Straight fins of uniform cross section. (a) Rectangular fin. (b) Pin fin.

For the prescribed fins, Ac and P are constant. Accordingly, with dAc/dx = 0, Equation 3.66 reduces to

To simplify the form of this equation, we transform the dependent variable by defining an excess temperature θ as

qx+dx = qx + dx
dqx

dx

qx+dx =−kAc − k (Ac ) dx
dT

dx

d

dx

dT

dx

dqconv = hdAs (T − T∞) = hP dx  (T − T∞)

(Ac ) − (T − T∞) = 0
d

dx

dT

dx

hP

k

+ ( ) − (T − T∞) = 0
d2T

dx2

1
Ac

dAc

dx

dT

dx

hP

kAc

− (T − T∞) = 0
d2T

dx2

hP

kAc

𝜕+𝑇
𝜕+𝑥

−
ℎ𝑃
𝑘𝐴2

𝑇 − 𝑇- = 0 Equation 3.67

𝜃 𝑥 = 𝐶*𝑒7. + 𝐶+𝑒87. Equation 3.71

𝜃 𝑥 ≡ 𝑇 𝑥 − 𝑇-

𝜕+𝜃
𝜕+𝑥

− 𝑚𝜃 = 0 Equation 3.67

defining

𝑚+ =
ℎ𝑃
𝑘𝐴2

where,

General Solution

= 𝐶*exp 𝑚𝑥 + 𝐶+exp −𝑚𝑥
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(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

where, since T∞ is a constant, dθ/dx = dT/dx. Substituting Equation 3.68 into Equation 3.67, we then obtain

where

Equation 3.69 is a linear, homogeneous, second-order differential equation with constant coefficients. Its general solution is
of the form1

To evaluate the constants C1 and C2 of Equation 3.71, it is necessary to specify appropriate boundary conditions. One such
condition may be specified in terms of the temperature at the base of the fin (x = 0)

The second condition, specified at the fin tip (x = L), may correspond to one of four different physical situations.
The first condition, Case A, considers convection heat transfer from the fin tip. Applying an energy balance to a control
surface about this tip (Figure 3.18), we obtain

FIGURE 3.18 Conduction and convection in a fin of uniform cross section.

or

θ (x) ≡ T  (x) − T∞

− m2θ = 0
d2θ

dx2

m2 ≡
hP

kAc

θ (x) = C1emx + C2e−mx

θ (0) = Tb − T∞ ≡ θb

hAc[T  (L) − T∞] =−kAc
∣
∣
∣x=L

dT

dx

Example 3.9
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Effectiveness 𝜀9 =
𝑞9

ℎ𝐴2,:𝜃:

𝑅#,9 =
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𝑞9

𝜂9 =
𝑞9
𝑞7;.

=
𝑞9

ℎ𝐴9 𝑇: − 𝑇-
=

𝑞9
ℎ𝐴9𝜃:
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(3.96)

Hence, as shown in Figure 3.19, the efficiency of a straight rectangular fin with tip convection may be represented as a
function of . The same functional dependence applies to all the fin types represented in Figures 3.19 and
3.20.

FIGURE 3.19 Efficiency of straight fins (rectangular, triangular, and parabolic profiles).

FIGURE 3.20 Efficiency of annular fins of rectangular profile.

3.6.4 Fins of Nonuniform Cross-Sectional Area
The second term of Equation 3.66 must be retained for fins of nonuniform cross-sectional area, and the solutions are no

mLc = ( )
1/2

L
3/2
c

2h

kAp

L
3/2
c (h/kAp)1/2

Lc = L+ t 2
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(3.96)

Hence, as shown in Figure 3.19, the efficiency of a straight rectangular fin with tip convection may be represented as a
function of . The same functional dependence applies to all the fin types represented in Figures 3.19 and
3.20.

FIGURE 3.19 Efficiency of straight fins (rectangular, triangular, and parabolic profiles).

FIGURE 3.20 Efficiency of annular fins of rectangular profile.

3.6.4 Fins of Nonuniform Cross-Sectional Area
The second term of Equation 3.66 must be retained for fins of nonuniform cross-sectional area, and the solutions are no

mLc = ( )
1/2

L
3/2
c

2h

kAp

L
3/2
c (h/kAp)1/2
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Table 3.5 Efficiency of common fin shapes

𝜕+𝑇
𝜕𝑥+

+
1
𝐴2
𝑑𝐴2
𝑑𝑥

𝑑𝑇
𝑑𝑥

−
ℎ𝑃
𝑘𝐴2

𝑇 − 𝑇- = 0 Equation 3.66

Special case of Figure 3.20

𝜕+𝑇
𝜕𝑟+

+
1
𝑟
𝑑𝑇
𝑑𝑟

−
2ℎ
𝑘𝑡

𝑇 − 𝑇- = 0

assume 𝐴2 = 2𝜋𝑟𝑡, 𝐴" = 2𝜋 𝑟+ − 𝑟*+ and replacing x by r 

𝜕+𝜃
𝜕𝑟+

+
1
𝑟
𝑑𝜃
𝑑𝑟

− 𝑚+𝜃 = 0

with, 𝑚+ = ⁄2ℎ 𝑘𝑡 , 𝜃 ≡ 𝑇 − 𝑇-

solution has the expression of modified Bessel equation

𝜃 𝑟 = 𝐶*𝐼4 𝑚𝑟 + 𝐶+𝐾4 𝑚𝑟
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(3.103)

(3.106)

(3.107)

(3.104)

(3.105)

3.6.5 Overall Surface Efficiency
In contrast to the fin efficiency ηf, which characterizes the performance of a single fin, the overall surface efficiency ηo
characterizes an array of fins and the base surface to which they are attached. Representative arrays are shown in Figure
3.21, where S designates the fin pitch. In each case the overall efficiency is defined as

FIGURE 3.21 Representative fin arrays. (a) Rectangular fins. (b) Annular fins.

where qt is the total heat rate from the surface area At associated with both the fins and the exposed portion of the base
(often termed the prime surface). If there are N fins in the array, each of surface area Af, and the area of the prime surface is
designated as Ab, the total surface area is

The maximum possible heat rate would result if the entire fin surface, as well as the exposed base, were maintained at Tb.

The total rate of heat transfer by convection from the fins and the prime (unfinned) surface may be expressed as

where the convection coefficient h is assumed to be equivalent for the finned and prime surfaces and ηf is the efficiency of a
single fin. Hence

Substituting Equation (3.106) into (3.103), it follows that

From knowledge of ηo, Equation 3.103 may be used to calculate the total heat rate for a fin array.

ηo = =
qt

qmax

qt

hAtθb

At = NAf + Ab

qt = NηfhAfθb + hAbθb

qt = h[NηfAf + (At − NAf)]θb = hAt [1 − (1 − ηf)] θb

NAf

At

ηo = 1 − (1 − ηf)
NAf

At

𝜂( =
𝑞#
𝑞7;.

=
𝑞#

ℎ𝐴#𝜃:

𝑅#,( =
𝜃:
𝑞#
=

1
𝜂(ℎ𝐴#
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(3.108)

(3.109)

Recalling the definition of the fin thermal resistance, Equation 3.88, Equation 3.103 may be used to infer an expression for
the thermal resistance of a fin array. That is,

where Rt,o is an effective resistance that accounts for parallel heat flow paths by conduction/convection in the fins and by
convection from the prime surface. Figure 3.22 illustrates the thermal circuits corresponding to the parallel paths and their
representation in terms of an effective resistance.

FIGURE 3.22 Fin array and thermal circuit. (a) Fins that are integral with the base. (b) Fins that are attached to the base.

If fins are machined as an integral part of the wall from which they extend (Figure 3.22a), there is no contact resistance at
their base. However, more commonly, fins are manufactured separately and are attached to the wall by a metallurgical or
adhesive joint. Alternatively, the attachment may involve a press fit, for which the fins are forced into slots machined on the
wall material. In such cases (Figure 3.22b), there is a thermal contact resistance Rt,c, which may adversely influence overall
thermal performance. An effective circuit resistance may again be obtained, where, with the contact resistance,

It is readily shown that the corresponding overall surface efficiency is

Rt,o = =
θb

qt

1
ηohAt

Rt,o (c) = =
θb

qt

1
ηo (c)hAt

Example 3.10
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(3.115)

3.7.2 Thermoelectric Power Generation
As noted in Section 1.6, approximately 60% of the energy consumed globally is wasted in the form of
low-grade heat. As such, an opportunity exists to harvest this energy stream and convert some of it to
useful power. One approach involves thermoelectric power generation, which operates on a
fundamental principle termed the Seebeck effect that states when a temperature gradient is
established within a material, a corresponding voltage gradient is induced. The Seebeck coefficient S
is a material property representing the proportionality between voltage and temperature gradients
and, accordingly, has units of volts/K. For a constant property material experiencing one-
dimensional conduction, as illustrated in Figure 3.23a,

FIGURE 3.23 Thermoelectric phenomena. (a) The Seebeck effect. (b) A simplified thermoelectric
circuit consisting of one pair (N = 1) of semiconducting pellets.

Electrically conducting materials can exhibit either positive or negative values of the Seebeck
coefficient, depending on how they scatter electrons. The Seebeck effect is small in metals, but can be
relatively large in some semiconducting materials.
If the material of Figure 3.23a is installed in an electric circuit, the voltage difference induced by the
Seebeck effect can drive an electric current I, and electric power can be generated from waste heat
that induces a temperature difference across the material. A simplified thermoelectric circuit,
consisting of two pellets of semiconducting material, is shown in Figure 3.23b. By blending minute
amounts of a secondary element into the pellet material, the direction of the current induced by the
Seebeck effect can be manipulated. The resulting p- and n-type semiconductors, which are
characterized by positive and negative Seebeck coefficients, respectively, can be arranged as shown
in the figure. Heat is supplied to the top and lost from the bottom of the assembly, and thin metallic
conductors connect the semiconductors to an external load represented by the electrical resistance,
Re,load. Ultimately, the amount of electric power that is produced is governed by the heat transfer
rates to and from the pair of semiconducting pellets shown in Figure 3.23b.
In addition to inducing an electric current I, thermoelectric effects also induce the generation or

E1 − E2 = S (T1 − T2)
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Equation 2.19

Equation 2.21
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Heat transfer in a long, prismatic solid with two isothermal surfaces
   and two insulated surfaces:

𝜕+𝑇
𝜕𝑥+ +

𝜕+𝑇
𝜕𝑦+ = Ο

Steady-state with no heat generation and constant thermal condcutivity
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(4.2)

(4.3)

To appreciate how the method of separation of variables may be used to
solve two-dimensional conduction problems, we consider the system of
Figure 4.2. Three sides of a thin rectangular plate or a long rectangular
rod are maintained at a constant temperature T1, while the fourth side is
maintained at a constant temperature T2 ≠ T1. Assuming negligible heat
transfer from the surfaces of the plate or the ends of the rod, temperature
gradients normal to the x–y plane may be neglected (∂2T/∂z2 ≈ 0) and
conduction heat transfer is primarily in the x- and y-directions.

FIGURE 4.2 Two-dimensional conduction in a thin rectangular plate or a
long rectangular rod.

We are interested in the temperature distribution T(x, y), but to simplify
the solution we introduce the transformation

Substituting Equation 4.2 into Equation 4.1, the transformed differential
equation is then

Since the equation is second order in both x and y, two boundary
conditions are needed for each of the coordinates. They are

θ ≡
T − T1

T2 − T1

+ = 0
∂2θ

∂x2

∂2θ

∂y2

(0, ) = 0 and ( , 0) = 0

𝜕+𝑇
𝜕𝑥+ +

𝜕+𝑇
𝜕𝑦+ = 0

Boundary Conditions
𝜃 0, 𝑦 = 0, and	𝜃 𝑥, 0 = 0
𝜃 𝐿, 𝑦 = 0, and	𝜃 𝑥,𝑊 = 1

𝑤ℎ𝑒𝑟𝑒, 𝜃 =
𝑇 − 𝑇*
𝑇+ −𝑇*

𝜕+𝜃
𝜕𝑥+ +

𝜕+𝜃
𝜕𝑦+ = 0
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FIGURE 4.3 Isotherms and heat flow lines for two-dimensional conduction
in a rectangular plate.

Exact solutions have been obtained for a variety of other geometries and
boundary conditions, including cylindrical and spherical systems. Such
solutions are presented in specialized books on conduction heat transfer
[1–5].

4.3 The Conduction Shape Factor and the
Dimensionless Conduction Heat Rate

In general, finding analytical solutions to the two- or three-dimensional
heat equation is time-consuming and, in many cases, not possible.
Therefore, a different approach is often taken. For example, in many
instances, two- or three-dimensional conduction problems may be rapidly
solved by utilizing existing solutions to the heat diffusion equation. These
solutions are reported in terms of a shape factor S or a steady-state
dimensionless conduction heat rate, . The shape factor is defined such
that

q∗
ss

𝜃 𝑥, 𝑦 =
2
𝜋9
'5*

-
−1 '6* +1

𝑛 sin
𝑛𝜋𝑥
𝐿

sinh ⁄𝑛𝜋𝑦 𝐿
sinh ⁄𝑛𝜋𝑊 𝐿

𝑤ℎ𝑒𝑟𝑒, 𝜃 =
𝑇 − 𝑇*
𝑇+ −𝑇*

Equation 4.19



• The nodal network identifies 
discrete points at which the 
temperature is to be determined 
and uses an m,n notation to 
designate their location.

• A finite-difference approximation is 
used gradients in the domain.

The Nodal Network and Finite-Difference 
Approximation (1)

51



The Nodal Network and Finite-Difference 
Approximation (2)
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Equation 4.29
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• As a convenience that obviates the need to predetermine the 
direction of heat flow, assume all heat flows are into the nodal 
region of interest, and express all heat rates accordingly.

Hence, the energy balance becomes: (4.30)

• Consider application to an interior nodal point (one 
that exchanges heat by conduction with four, 
equidistant nodal points):

where, for example,

(4.31)

which leads to

𝐸̇&' + 𝐸̇! = 0

9
&5*

<

𝑞&→7,' + 𝑞̇ ∆𝑥 [ ∆𝑦 [ 𝑙 = 0

𝑞78*,'→7,' = 𝑘 ∆𝑦 [ 𝑙
𝑇78*,' − 𝑇7,'

∆𝑥

𝑇7,'6* + 𝑇7,'8* + 𝑇76*,' + 𝑇78*,' +
?̇ ∆. #

A
− 4𝑇7,' = 0 Equation 4.35
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Figure 4.6 

Table 4.2
Example 4.2
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𝜕"𝑇
𝜕𝑥"

+
𝜕"𝑇
𝜕𝑦"

+
𝜕"𝑇
𝜕𝑧"

+
𝑞̇
𝑘
=
1
𝛼
𝜕𝑇
𝜕𝑡

if k=constant,

Energy Balance 𝐸̇$% + 𝐸̇& − 𝐸̇'()= 𝐸̇*)

𝜕
𝜕𝑥

𝑘
𝜕𝑇
𝜕𝑥

+
𝜕
𝜕𝑦

𝑘
𝜕𝑇
𝜕𝑦

+
𝜕
𝜕𝑧

𝑘
𝜕𝑇
𝜕𝑧

+ 𝑞̇ = 𝜌𝑐!
𝜕𝑇
𝜕𝑡

where, 	 [ ⁄𝑚" 𝑠]: thermal diffusivity𝛼 =
𝑘
𝜌𝐶!

Equation 2.19

Equation 2.21
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well as heat rates at its boundaries (Section 5.10).

5.1 The Lumped Capacitance Method

A simple, yet common, transient conduction problem is one for which a
solid experiences a sudden change in its thermal environment. Consider a
hot metal forging that is initially at a uniform temperature Ti and is
quenched by immersing it in a liquid of lower temperature T∞ < Ti (Figure
5.1). If the quenching is said to begin at time t = 0, the temperature of the
solid will decrease for time t > 0, until it eventually reaches T∞. This
reduction is due to convection heat transfer at the solid–liquid interface.
The essence of the lumped capacitance method is the assumption that the
temperature of the solid is spatially uniform at any instant during the
transient process. This assumption implies that temperature gradients
within the solid are negligible.

FIGURE 5.1 Cooling of a hot metal forging.

From Fourier's law, heat conduction in the absence of a temperature
gradient implies the existence of infinite thermal conductivity. Such a
condition is clearly impossible. However, the condition is closely
approximated if the resistance to conduction within the solid is small
compared with the resistance to heat transfer between the solid and its
surroundings. For now we assume that this is, in fact, the case.
In neglecting temperature gradients within the solid, we can no longer
consider the problem from within the framework of the heat equation, since
the heat equation is a differential equation governing the spatial
temperature distribution within the solid. Instead, the transient

Energy Balance

−ℎ𝐴 𝑇 − 𝑇- = 𝜌𝑉𝑐%
𝑑𝑇
𝑑𝑡

𝐸̇&' + 𝐸̇! − 𝐸̇()#= 𝐸̇"#

−𝐸̇()#= 𝐸̇"#

𝜃 𝑥 ≡ 𝑇 𝑥 − 𝑇-defining

−𝜃 =
𝜌𝑉𝑐%
ℎ𝐴"

𝑑𝜃
𝑑𝑡

−𝑑𝑡 =
𝜌𝑉𝑐%
ℎ𝐴"

𝑑𝜃
𝜃

Separating variables

Mobile User
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(5.7)

FIGURE 5.2 Transient temperature response of lumped capacitance solids
for different thermal time constants τi.

where, from Equation 3.9, Rt is the resistance to convection heat transfer
and Ct is the lumped thermal capacitance of the solid. Any increase in Rt or
Ct will cause the solid to respond more slowly to changes in its thermal
environment. This behavior is analogous to the voltage decay that occurs
when a capacitor is discharged through a resistor in an electrical RC circuit.
To determine the total energy transfer Q occurring up to some time t, we
simply write

τt = ( ) (ρV c) = RtCt
1

hAs

Q = ∫ t

0
q dt = hAs ∫ t

0
θ dt

Equation 5.6
𝜃
𝜃&
=
𝑇 − 𝑇-
𝑇& − 𝑇-

= exp −
ℎ𝐴"
𝜌𝑉𝑐%

𝑡 = exp −
𝑡
𝜏#

where, thermal time constant, 𝜏# =
𝜌𝑉𝑐%
ℎ𝐴"

= 𝑅#𝐶#

and, Ct is lumped thermal capacitance

Mobile User
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(5.9)

FIGURE 5.3 Effect of Biot number on steady-state temperature distribution
in a plane wall with surface convection.

where k is the thermal conductivity of the solid. Rearranging, we then
obtain

The quantity (hL/k) appearing in Equation 5.9 is a dimensionless
parameter. It is termed the Biot number, and it plays a fundamental role in
conduction problems that involve surface convection effects. According to
Equation 5.9 and as illustrated in Figure 5.3, the Biot number provides a
measure of the temperature drop in the solid relative to the temperature
difference between the solid's surface and the fluid. From Equation 5.9, it is
also evident that the Biot number may be interpreted as a ratio of thermal
resistances. In particular, if Bi ≪ 1, the resistance to conduction within the
solid is much less than the resistance to convection across the fluid
boundary layer. Hence, the assumption of a uniform temperature

(Ts,1 − Ts,2) = hA(Ts,2 − T∞)
kA

L

= = = ≡ Bi
Ts,1 − Ts,2

Ts,2 − T∞

(L/kA)

(1/hA)

Rt,cond

Rt,conv

hL

k
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FIGURE 5.3 Effect of Biot number on steady-state temperature distribution
in a plane wall with surface convection.

where k is the thermal conductivity of the solid. Rearranging, we then
obtain

The quantity (hL/k) appearing in Equation 5.9 is a dimensionless
parameter. It is termed the Biot number, and it plays a fundamental role in
conduction problems that involve surface convection effects. According to
Equation 5.9 and as illustrated in Figure 5.3, the Biot number provides a
measure of the temperature drop in the solid relative to the temperature
difference between the solid's surface and the fluid. From Equation 5.9, it is
also evident that the Biot number may be interpreted as a ratio of thermal
resistances. In particular, if Bi ≪ 1, the resistance to conduction within the
solid is much less than the resistance to convection across the fluid
boundary layer. Hence, the assumption of a uniform temperature

(Ts,1 − Ts,2) = hA(Ts,2 − T∞)
kA

L
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Ts,1 − Ts,2

Ts,2 − T∞

(L/kA)

(1/hA)

Rt,cond

Rt,conv

hL

k
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FIGURE 5.3 Effect of Biot number on steady-state temperature distribution
in a plane wall with surface convection.

where k is the thermal conductivity of the solid. Rearranging, we then
obtain

The quantity (hL/k) appearing in Equation 5.9 is a dimensionless
parameter. It is termed the Biot number, and it plays a fundamental role in
conduction problems that involve surface convection effects. According to
Equation 5.9 and as illustrated in Figure 5.3, the Biot number provides a
measure of the temperature drop in the solid relative to the temperature
difference between the solid's surface and the fluid. From Equation 5.9, it is
also evident that the Biot number may be interpreted as a ratio of thermal
resistances. In particular, if Bi ≪ 1, the resistance to conduction within the
solid is much less than the resistance to convection across the fluid
boundary layer. Hence, the assumption of a uniform temperature

(Ts,1 − Ts,2) = hA(Ts,2 − T∞)
kA

L

= = = ≡ Bi
Ts,1 − Ts,2

Ts,2 − T∞

(L/kA)

(1/hA)

Rt,cond

Rt,conv

hL

k
Equation 5.6
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(5.10)

(5.11)

Biot number. If the following condition is satisfied

the error associated with using the lumped capacitance method is small. For
convenience, it is customary to define the characteristic length of Equation
5.10 as the ratio of the solid's volume to surface area Lc ≡ V/As. Such a
definition facilitates calculation of Lc for solids of complicated shape and
reduces to the half-thickness L for a plane wall of thickness 2L (Figure 5.4),
to ro/2 for a long cylinder, and to ro/3 for a sphere. However, if one wishes
to implement the criterion in a conservative fashion, Lc should be associated
with the length scale corresponding to the maximum spatial temperature
difference. Accordingly, for a symmetrically heated (or cooled) plane wall of
thickness 2L, Lc would remain equal to the half-thickness L. However, for a
long cylinder or sphere, Lc would equal the actual radius ro, rather than
ro/2 or ro/3.

Finally, we note that, with Lc ≡ V/As, the exponent of Equation 5.6 may be
expressed as

or

where

Bi = < 0.1
hLc

k

= = =
hAst

ρV c

ht

ρcLc

hLc

k

k

ρc

t

L2
c

hLc

k

αt

L2
c

= Bi ⋅ Fo
hAst

ρV c
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Example 5.2
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(5.5)

(5.6)

or

Equation 5.5 may be used to determine the time required for the solid to
reach some temperature T, or, conversely, Equation 5.6 may be used to
compute the temperature reached by the solid at some time t.
The foregoing results indicate that the difference between the solid and fluid
temperatures decays exponentially to zero as t approaches infinity. This
behavior is shown in Figure 5.2. From Equation 5.6 it is also evident that the
quantity (ρVc/hAs) may be interpreted as a thermal time constant
expressed as

 ln  = t
ρV c

hAs

θi

θ

= = exp [−( )t]θ

θi

T − T∞

Ti − T∞

hAs

ρV c
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(5.12)

(5.13)

is termed the Fourier number. It is a dimensionless time, which, with the
Biot number, characterizes transient conduction problems. Substituting
Equation 5.11 into 5.6, we obtain

EXAMPLE 5.1

A thermocouple junction, which may be approximated as a sphere, is to
be used for temperature measurement in a gas stream. The convection
coefficient between the junction surface and the gas is h = 400 W/m2 ·
K, and the junction thermophysical properties are k = 20 W/m · K, c =
400 J/kg · K, and ρ = 8500 kg/m3. Determine the junction diameter
needed for the thermocouple to have a time constant of 1 s. If the
junction is at 25°C and is placed in a gas stream that is at 200°C, how
long will it take for the junction to reach 199°C?

SOLUTION

Known: Thermophysical properties of thermocouple junction used to
measure temperature of a gas stream.
Find:
1. Junction diameter needed for a time constant of 1 s.
2. Time required to reach 199°C in gas stream at 200°C.
Schematic:

Fo ≡
αt

L2
c

= = exp(−Bi ⋅ Fo)
θ

θi

T − T∞

Ti − T∞

where, Fourier	Number,
~diminsionaless	time

Characteristic	Length
Volume

Surface	Area ,	

𝐹𝑜 =
𝛼𝑡
𝐿&'

𝐿& =
𝑉
𝐴(

Equation 5.11
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(5.14)

(5.15)

heating  are initiated. The imposed heat flux  and the
convection–radiation heat transfer occur at mutually exclusive portions of
the surface, As(h) and As(c, r), respectively, and convection–radiation
transfer is presumed to be from the surface. Moreover, although convection
and radiation have been prescribed for the same surface, the surfaces may,
in fact, differ (As, c ≠ As, r). Applying conservation of energy at any instant t,
it follows from Equation 1.12c that

FIGURE 5.5 Control surface for general lumped capacitance analysis.

or, from Equations 1.3a and 1.7,

Equation 5.15 is a nonlinear, first-order, nonhomogeneous, ordinary
differential equation that cannot be integrated to obtain an exact solution.1
However, exact solutions may be obtained for simplified versions of the

(q ′′
s  and q̇ ) q ′′

s

q ′′
s As,h + Ėg − (q ′′

conv + q ′′
rad)As(c,r) = ρV c

dT

dt

q ′′
s As,h + Ėg− [h(T − T∞) + εσ(T 4 − T 4

sur)]As(c,r) = ρV c
dT

dt
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s As,h + Ėg − (q ′′

conv + q ′′
rad)As(c,r) = ρV c

dT

dt

q ′′
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Energy Balance Equation

Equation 5.15
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Section Solution Equations

5.3.1 Radiation only Equation 5.18

5.3.2 Negligible Radiation Equation 5.25

5.3.3 Convection only with Variable Convection 
Coefficient

Equation 5.28

5.3.4 Additional Considerations -

Example 5.3 & 5.4
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Equation 5.29
𝜕"𝑇
𝜕𝑥"

=
1
𝛼
𝜕𝑇
𝜕𝑡

𝜕"𝜃∗

𝜕𝑥∗"
=
𝜕𝜃∗

𝜕𝐹𝑜
Equation 5.37

𝜃∗ = 𝑓 𝑥∗, 𝐹𝑜, 𝐵𝑖 Equation 5.41
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Figure 5.6

Equation 5.42𝜃∗ = 9
'5*

-

𝐶'𝑒𝑥𝑝 −𝜁'+𝐹𝑜 cos 𝜁'𝑥∗

where,	 𝐹𝑜 =
𝛼𝑡
𝐿2+

𝐶' =
4 sin 𝜁'

2𝜁' + sin 2𝜁'
and,	
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Infinite Cylinder or Sphere of Radius, r0

Figure 5.6

Example 5.5 & 5.6

Equation 5.50𝜃∗ = 9
'5*

-

𝐶'𝑒𝑥𝑝 −𝜁'+𝐹𝑜 cos 𝜁'𝑟∗

where,	 𝐹𝑜 =
𝛼𝑡
𝑟4+

𝐶' =
2
𝜁'

𝐽* 𝜁'
𝐽4+ 𝜁' + 𝐽*+ 𝜁'

and,	

𝐽* 𝐽+and	 : Bessel function of first kind
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(5.56)

(5.57)

(5.58)

(5.59)

FIGURE 5.7 Transient temperature distributions in a semi-infinite solid for three surface conditions: constant surface
temperature, constant surface heat flux, and surface convection.

The heat equation for transient conduction in a semi-infinite solid is given by Equation 5.29. The initial condition is
prescribed by Equation 5.30, and the interior boundary condition is of the form

Closed-form solutions have been obtained for three important surface conditions, instantaneously applied at t = 0 [3, 4].
These conditions are shown in Figure 5.7. They include application of a constant surface temperature Ts ≠ Ti, application of
a constant surface heat flux , and exposure of the surface to a fluid characterized by T∞ ≠ Ti and the convection coefficient
h.
The solution for case 1 may be obtained by recognizing the existence of a similarity variable η, through which the heat
equation may be transformed from a partial differential equation, involving two independent variables (x and t), to an
ordinary differential equation expressed in terms of the single similarity variable. To confirm that such a requirement is
satisfied by η ≡ x/(4αt)1/2, we first transform the pertinent differential operators, such that

Substituting into Equation 5.29, the heat equation becomes
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Equation 5.29
𝜕"𝑇
𝜕𝑥"

=
1
𝛼
𝜕𝑇
𝜕𝑡

𝜕+𝑇
𝜕𝜂+

= −2𝜂
𝜕𝑇
𝜕𝜂

Equation 5.57

𝜂 ≡
𝑥
4𝛼𝑡

where, similarity variable,
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(5.60)

(5.61)

(5.62)

(5.63)

Case 1 Constant Surface Temperature: T(0, t) = Ts

Case 2 Constant Surface Heat Flux: 

Case 3 Surface Convection: 

The complementary error function, erfc w, is defined as erfc w ≡ 1 − erf w.
Temperature histories for the three cases are shown in Figure 5.7, and distinguishing features should be noted. With a step
change in the surface temperature, case 1, temperatures within the medium monotonically approach Ts with increasing t,
while the magnitude of the surface temperature gradient, and hence the surface heat flux, decreases as t−1/2. A thermal
penetration depth δp can be defined as the depth to which significant temperature effects propagate within a medium. For
example, defining δp as the x-location at which (T − Ts)/(Ti − Ts) = 0.90, Equation 5.60 results in .3 Hence, the
penetration depth increases as t1/2 and is larger for materials with higher thermal diffusivity. For a fixed surface heat flux
(case 2), Equation 5.62 reveals that T(0, t) = Ts(t) increases monotonically as t1/2. For surface convection (case 3), the
surface temperature and temperatures within the medium approach the fluid temperature T∞ with increasing time. As Ts
approaches T∞, there is, of course, a reduction in the surface heat flux, .

Specific temperature histories computed from Equation 5.63 are plotted in Figure 5.8. The result corresponding to h = ∞ is
equivalent to that associated with a sudden change in surface temperature, case 1. That is, for h = ∞, the surface
instantaneously achieves the imposed fluid temperature (Ts = T∞), and with the second term on the right-hand side of
Equation 5.63 reducing to zero, the result is equivalent to Equation 5.60.

FIGURE 5.8 Temperature histories in a semi-infinite solid with surface convection.
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example, defining δp as the x-location at which (T − Ts)/(Ti − Ts) = 0.90, Equation 5.60 results in .3 Hence, the
penetration depth increases as t1/2 and is larger for materials with higher thermal diffusivity. For a fixed surface heat flux
(case 2), Equation 5.62 reveals that T(0, t) = Ts(t) increases monotonically as t1/2. For surface convection (case 3), the
surface temperature and temperatures within the medium approach the fluid temperature T∞ with increasing time. As Ts
approaches T∞, there is, of course, a reduction in the surface heat flux, .

Specific temperature histories computed from Equation 5.63 are plotted in Figure 5.8. The result corresponding to h = ∞ is
equivalent to that associated with a sudden change in surface temperature, case 1. That is, for h = ∞, the surface
instantaneously achieves the imposed fluid temperature (Ts = T∞), and with the second term on the right-hand side of
Equation 5.63 reducing to zero, the result is equivalent to Equation 5.60.

FIGURE 5.8 Temperature histories in a semi-infinite solid with surface convection.
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